Fuzzy graph theory is a useful and well-known tool to model and solve many real-life optimization problems. Since real-life problems are often uncertain due to inconsistent and indeterminate information, it is very hard for an expert to model those problems using a fuzzy graph. A neutrosophic graph can deal with the uncertainty associated with the inconsistent and indeterminate information of any real-world problem, where fuzzy graphs may fail to reveal satisfactory results. The concepts of the regularity and degree of a node play a significant role in both the theory and application of graph theory in the neutrosophic environment. In this work, we describe the utility of the regular neutrosophic graph and bipartite neutrosophic graph to model an assignment problem, a road transport network, and a social network. For this purpose, we introduce the definitions of the regular neutrosophic graph, star neutrosophic graph, regular complete neutrosophic graph, complete bipartite neutrosophic graph, and regular strong neutrosophic graph. We define the d m -and td m -degrees of a node in a regular neutrosophic graph. Depending on the degree of the node, this paper classifies the regularity of a neutrosophic graph into three types, namely d m -regular, td m -regular, and m-highly irregular neutrosophic graphs. We present some theorems and properties of those regular neutrosophic graphs. The concept of an m-highly irregular neutrosophic graph on cycle and path graphs is also investigated in this paper. The definition of busy and free nodes in a regular neutrosophic graph is presented here. We introduce the idea of the µ-complement and h-morphism of a regular neutrosophic graph. Some properties of complement and isomorphic regular neutrosophic graphs are presented here.
compared to fuzzy graphs or vague graphs. Thus, the use of the neutrosophic graph is inevitable for modeling optimization problems [29, 34, [39] [40] [41] in real-life scenarios, and it is essential to present some new properties and theories for neutrosophic graphs. This idea motivates us to introduce different types of neutrosophic graphs (regular, bipartite, isomorphic, and µ complement neutrosophic graphs) and their related theorems.
The concept of the regularity and degree of nodes has a significant role in both theories and applications (e.g., social network analysis, road transpotation network, wireless multihop network, and the assignment problem) in neutrosophic graph theory. The main contributions of this manuscript are as follows.
(i)
As far as we know, there exists no research work on the regularity of the neutrosophic graph until now. Therefore, in this manuscript, we present the definition of the regular neutrosophic graph, star neutrosophic graph, regular strong neutrosophic graph, and complete bipartite neutrosophic graph. (ii)
We introduce the two types of degree, d m and total d m -degrees, of a node in a neutrosophic graph. The definition of busy and free nodes in a regular neutrosophic graph are presented here.
Depending on the degree of the node, we introduce the three types of regularity of a neutrosophic graph, d m -regular, td m -regular, and m-highly-irregular neutrosophic graphs (HING), and some properties are also described. We also investigate the concept of m-HING on the cycle graph and path graph in this manuscript.
(iv)
We have presented the definition of the µ-complement and h-morphism of a neutrosophic graph. Some properties of the complement and isomorphic regular neutrosophic graph are also presented here. (v) Some real-life applications of the regular neutrosophic graph and complete bipartite neutrosophic graph such as the road transport network, social networks, and assignment problem are described in this paper.
Preliminaries
In this portion, we will discuss the single-valued neutrosophic graph (SVNG), adjacent node, path, isolated node, strength of a path, strong SVNG, complement SVNG, and complete SVNG, which are efficient for the present work. Definition 1. Let G = (N, M) be an SVNG [42, 43] where N and M are represented by two neutrosophic sets on V and E, respectively, which satisfy the following.
Here, a and b are two vertices of G, and (a, b) ∈ E is an edge of G. Definition 3. Let G = (N, M) be an SVNG and P be a path of G. P is a collection of different nodes, a 0 , a 1 , a 2 , ..., a n such that ( 
Here, n represents the neutrosophic length of the path P. A single neutrosophic vertex, i.e., a i in G, is also assumed as a path. The path length of a single node a i is (0, 0, 0). We define the order pair (a i−1 , a i ) as the edge of the path. P is said to be a neutrosophic cycle if a 0 = a n and n ≥ 3.
Definition 4.
A node a i ∈ V of an SVNG G is called the isolated node if there exists no incident arc to the vertex a i .
Here, d T (a), d I (a), and d F (a) are the degree of the truth membership value, the degree of the indeterminacy membership value, and the degree falsity membership value, respectively, of vertex a. Definition 9. Let G = (N, M) be an SVNG. Then, the order of G is denoted by
Here, O T (G), O I (G), and O F (G) are the order of the membership degree of the truth value, the indeterminacy value, and the falsity value of G, respectively. Definition 10. Let G = (N, M) be an SVNG and the size graph of G be described as
Here, S T (G), S I (G), and S F (G) are respectively the order of the membership degree of the truth, indeterminacy, and falsity of G.
Definition 11. Let G = (N, M) be an SVNG. G is said to be a strong SVNG [31, 35, 44] if: ) be an SVNG and G be said to be a complete SVNG [31, 35, 44] if:
is the complement of an SVNG [31, 35, 44] if N c = N and M c is computed as below. 
Regular, d m -Regular, and td m -Regular Neutrosophic Graphs
In this section, first we define the regular neutrosophic graph, regular strong neutrosophic graph, d m -degree, and td m -degree of nodes in a neutrosophic graph. Then, we propose the notions of d m and td m -regular neutrosophic graphs and prove the necessary and sufficient conditions, for which under these conditions, d m -regular with td m -regular neutrosophic graphs are equivalent. Definition 14. Let G = (N, M) be an SVNG. G is a regular neutrosophic graph if it satisfies the following conditions. 
Here, the path a, a 1 , a 2 , ..., a m−1 , b is the shortest path between the nodes u and v, and the length of this path is m.
Example 1.
We have considered an example of an SVNG G, presented in Figure 1 Figure 1 . A neutrosophic graph G.
Then, the d 2 -degree of the nodes in G is computed as follows. 
Example 2.
Let us consider an example of an SVNG, shown in Figure 1 . Then, the td 2 -degree of the nodes in G is as follows. 
Proof. Suppose that for every node
hence, G is a td m -regular neutrosophic graph. If G is a td m -regular neutrosophic graph, then the proof is similar to the previous case. 
) -regular neutrosophic graph and an (m, (k 1 , k2 , k3)) -totally regular neutrosophic graph respectively, then for all v ∈ V we get,
and:
. Then, TN,IN and FN are constant functions, and since G has n nodes, we get: 
Here, a i denotes the adjacent vertex of a of G. The busy value of regular neutrosophic graph G is the sum of all busy values of all the nodes of G.
Definition 21. Let G = (N, M) be a regular neutrosophic graph and a ∈ V be a node of G. The a of G is a busy node or vertex if:
If the vertex a is not a busy vertex, then it is said to be a free vertex.
Definition 22. Let G = (N, M) be a regular neutrosophic graph and (a, b) ∈ E be an arc of G. a, b is said to be an effective edge if:
Regularity on the Complement and Isomorphic Neutrosophic Graph
Definition 23. Let G 1 = (N 1 , M 1 ) and G 2 = (N 2 , M 2 ) be two regular neutrosophic graphs.
1.
A homomorphism h from a regular neutrosophic graph G 1 to another regular neutrosophic graph G 2 is a neutrosophic mapping function h : V 1 → V 2 , which always satisfies following conditions:
2.
A isomorphism h from a regular neutrosophic graph G 1 to another regular neutrosophic graph G 2 is a neutrosophic bijective mapping function h : V 1 → V 2 , which always satisfies the following:
A weak isomorphism h from a regular neutrosophic graph G 1 to another regular neutrosophic graph G 2 is a neutrosophic bijective mapping function h : V 1 → V 2 , which always satisfies the following:
4.
A co-weak isomorphism h from a regular neutrosophic graph G 1 to another regular neutrosophic graph G 2 is a neutrosophic bijective mapping function h : V 1 → V 2 , which always satisfies the following: a 1 b 1 ) ). Proof. An isomorphism h is between two HINGs G 1 and G 2 with the underlying node set V 1 and V 2 , respectively, then:
Therefore, we have:
Theorem 4. Let G 1 and G 2 be two isomorphic HINGs. Then, the degrees of nodes a and h(a) of G 1 and G 2 are the same.
Proof. If G 1 and G 2 are two isomorphic HINGs, respectively, then
for all a 1 ∈ V 1 . This proves that the degrees of nodes u and h(u) of G 1 and G 2 are preserved. 
Theorem 6. Let G µ be the µ-complement of an HING. G need not be highly irregular.
Proof. All the adjacent nodes of G with different neutrosophic degrees or all the other nodes of G with different neutrosophic degrees may possibly be adjacent nodes with equivalent degrees. This condition opposes the idea of HING. Proof. Let G 1 and G 2 be two isomorphic neutrosophic graphs; there always exists a map h : a) h (b) ), for all ab ∈ E 1 . By the concept of the µ complement neutrosophic graph,
(ab) values can be calculated using the same method). Hence,
The proof of the converse part is straight forward.
Complete Bipartite Neutrosophic Graphs
Definition 27. A neutrosophic graph G = (N, M) is called a complete bipartite neutrosophic graph if the vertex set V can be divided into two nonempty sets, such that for every v 1 , v 2 ∈ V 1 or V 2 and for every u ∈ V 1 and v ∈ V 2 : Theorem 8. Let G = (N, M) be a complete bipartite neutrosophic graph, such that each partition of V has nodes. c 2 , c 3 ) and for the other nodes as u,
.., v k } be a set of nodes, such that it contains at least one node of each partition of V. c 2 , c 3 ) . Therefore, in V 1 , t N and f N are constant functions, and since for every
Proof. Suppose that for every v
Then, by the previous definition, we have that for every uv ∈ E, we get
Hence, for every v ∈ V and 1
Therefore, in both cases, we see that G is a d m -regular neutrosophic graph. Now, if for every c 2 , c 3 ) , then the proof is similar to the proof of (i).
(ii) The proof is similar to the previous theorem only by the difference, that every v ∈ V and k + 1 ≤ m ≤ 2k − 1; if m is odd, then and if m is even, then d m (v) = (k − 1)(c 1 , c 2 , c 3 ). Proof. Let G = (N, M) be a regular neutrosophic graph on cycle graph G * with k nodes and for
Since G * is a cycle, we have for every node w in G that there exist exactly two distinct nodes w 1 and w 2 such that w and w 1 are connected by means of one path of length m (where n ≤ m ≤ k − 1) and each path contains at least one arc uv.
Hence, for two paths,
Therefore, we obtain 
Since G has k ≥ 3 nodes, there exists w ∈ V such that w = v, u. Hence, we get ∑ u =z∈V
Therefore, we have,
Conversely, G is an m-HING. Then, the value of the d m -degree of each and every pair of adjacent nodes such as u and v is distinct. This implies that
and so, any two adjacent nodes in G has the distinct td m -degree. Therefore, G is an m-HTING.
Hence the proof.
Theorem 13. Let G = (N, M) be a neutrosophic graph on cycle graph G * = (V, E) with k ≥ 3 nodes and for all i = 1, 2, ..
Proof. Suppose that v 1 , v 2 , ..., v k , v 1 is the arcs of G, where
The proof is similar to the case as true membership, and the contradiction is obtained. Therefore,
Remark 4. Let G = (N, M) be a neutrosophic graph on cycle graph G * = (V, E) with k ≥ 3 nodes and for all i = 1, 2, ..., k − 1 (where If there exist uncertainties due to indeterministic or vague information about the entities, or relations, or both, then the neutrosophic graph model is very efficient to design such networks. Neutrosophic graphs are widespread and important in the area of mathematical modeling, pattern recognition, relational mapping, biological, social networks, and information systems. It can be applied to artificial intelligence with neutrosophic rules in the inference system. These graphs can be represented in different data structures in different applications internally. In those real-life applications, the basic mathematical model is that of a neutrosophic graph. Transforming all those data-carrying networks to a neutrosophic graph using various types of information from all the possible existing levels, it is a proper multilevel method where all possible levels and ties among them are represented and analyzed mathematically at the same time. Neutrosophic graphs have more applications related to information technology and computer science such that these graphs are used to illustrate networks of communication, data optimization, machine learning, chip design, and much more.
Assignment Problem
The assignment problem is a well-known and fundamental topic of study in the field of operation research. This problem can be modeled as a bipartite neutrosophic graph. Let a neutrosophic graph G = (V, E) where V denotes the nodes and E represents the arcs be represented as a neutrosophic bipartite graph, if it satisfies the condition such that V = X ∪ Y and X ∩ Y = ; where is a null matrix, and E ∈ X × Y. A neutrosophic bipartite graph G is described as a weighted bipartite graph if every edge (i.e., E) of it consists of a neutrosophic weight (i.e., (i, j)). The neutrosophic weight of one-to-one matching (i.e., M) is described by the following.
A matching (i.e., M) is called a perfect matching if each node of X is assigned to one of the Y nodes. Therefore, a linear assignment problem is defined as determining a perfect matching in G that is maximally weighted.
Road Transportation Network
A road transportation network can be modeled by a neutrosophic graph, due to its imprecise dataset, neutrosophic information for vertices as the geometric location, the grade of significance, and so on; in addition to the arcs as the width, length, quality, traffic, and so on. Therefore, we can represent a road transportation network properly by using neutrosophic graphs where the vertices and the edges represent the cities and routes between two cities, respectively. Dijkstra's algorithm [45, 46] is a popular and well-known algorithm to solve the shortest path problem (SPP). It is an algorithmic approach to find the shortest path between two cities within the road transportation network. Floyd also contributed much to the efficient route-finding algorithms, hence the famous Floyd's algorithm to find the shortest paths in any network with weights. The SPP is very useful to model the network routing protocol. In any shortest path algorithm, we consider a node as the source node and find all the shortest paths between the source vertex and destination vertex using all other nodes in the graph. Hence, the proposed d m -degree of the source node will pave a new way to find the shortest path. When its efficiency is proven, it could be considered as the best one in the road transport network.
Social Networks
Social networks are platforms on which millions of people are interconnected everywhere in the world. There are many social networks [47] like Facebook, WhatsApp, and Instagram. These networks have reached a rapid progress in recent years and have spread all over the world in several ways. There are also some security issues pointed out recently by ethical hacking teams; hence to maintain the privacy of the user and the data released by them. In the medium, messages could be tampered with easily when a user sends the information to all the other users of his/her group. However, the situation is that a user should be connected to all other users. Social networks can be modeled by a neutrosophic regular graph, since d m -degree farthest vertices are assumed by paths; therefore, it is a vertex that has at most d m -degrees; hence, the secrecy of this vertex is maintained, and the user information is secured. If all the vertices of a social network have the same neutrosophic d m -degree, then the user's secrecy is maintained by adding a lowest arc and producing a d m -degree in these graphs. Therefore, in these ways, in social networks, the data integrity is maintained, resisting more neighborhood attacks and threats.
The concept of regularity plays an important role in modeling many real-life optimization problems (e.g., social networks, wireless networks, road networks, assignment problems), so the main focus of this study is to present the concept of regularity in neutrosophic graph theory. The degree of a vertex in a graph is a way to find the number of relations of a vertex, so to analyze a network, it is very essential to find the degree of vertices. In this study, we have described the different types of degrees (d m -degree and td m -degree) of nodes in a neutrosophic graph. The idea of the neutrosophic degree of a node is very important from different aspects in the real-world. Here, we have presented the definition of the free vertex (node) and busy vertex (node) of a regular neutrosophic graph, which are very useful to find the solutions of many real-life problems like the traffic congestion problem. Finally, we have mentioned some real-life applications of the regular neutrosophic graph, complete bipartite neutrosophic graph, and node d m -degree of a neutrosophic graph. This study will be useful when the neutrosophic graphs are extremely large. For example, we have described the utility of the regular neutrosophic graph to model a social network. In the Twenty First Century, social networks are platforms on which millions of people are interconnected everywhere in the world. Therefore, as a future study, we will have to consider some large regular neutrosophic fuzzy graphs to model the social networks in real-life scenarios, and the closeness and diameter need to be computed for the analysis of this social network. Furthermore, we will try to propose some algorithmic methods to determine the closeness and diameter of any social network in real life. Despite the demand for future work, this paper is a useful initial contribution to neutrosophic graph theory, and some problems are described under the neutrosophic environment.
Conclusions
The main contribution of this manuscript is to introduce the idea of regularity in neutrosophic graph theory. In this paper, we have described the notion of the d m -degree and td m -degree of nodes in a neutrosophic graph. Some different types of neutrosophic graphs such as the regular, regular strong, d m -regular, td m -regular, and complete bipartite neutrosophic graph were introduced here. We have also provided some sufficient criteria for which the td m -regular neutrosophic graph and d m -regular neutrosophic graph are equivalent. We have introduced the definition of the µ-complement and h-morphism of a neutrosophic graph. Some properties of the complement and isomorphic regular neutrosophic graph were also presented here. Finally, some real-life applications of the regular neutrosophic graph and complete bipartite neutrosophic graph were described for the assignment problem, road transportation network, and social networks. In the future, we will focus on the study of neutrosophic intersection graphs, neutrosophic interval graphs, neutrosophic hyper graphs, and so on. The idea of the neutrosophic graph can be used in several areas of expert systems, image processing, computer networks, and social systems. 
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